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We build a highly predictive 3-3-1 model, where the field content is extended by including several
SU(3)L scalar singlets and six right handed Majorana neutrinos. In our model the SU(3)C ×
SU (3)L×U (1)X gauge symmetry is supplemented by the A4×Z4×Z6×Z16×Z′16 discrete group,
which allows to get a very good description of the low energy fermion flavor data. In the model
under consideration, the A4 × Z4 × Z6 × Z16 × Z′16 discrete group is broken at very high energy
scale down to the preserved Z2 discrete symmetry, thus generating the observed pattern of SM
fermion masses and mixing angles and allowing the implementation of the loop level inverse seesaw
mechanism for the generation of the light active neutrino masses, respectively. The obtained values
for the physical observables in the quark sector agree with the experimental data, whereas those
ones for the lepton sector also do, only for the case of inverted neutrino mass spectrum. The normal
neutrino mass hierarchy scenario of the model is ruled out by the neutrino oscillation experimental
data. We find an effective Majorana neutrino mass parameter of neutrinoless double beta decay of
mee = 46.9 meV, a leptonic Dirac CP violating phase of −81.37◦ and a Jarlskog invariant of about
10−2 for the inverted neutrino mass hierarchy. The preserved Z2 symmetry allows for a stable scalar
dark matter candidate.
PACS numbers: 12.60.Cn,12.60.Fr,12.15.Lk,14.60.Pq
Keywords: Extensions of electroweak gauge sector, Extensions of electroweak Higgs sector, Electroweak radiative
corrections, Neutrino mass and mixing
I. INTRODUCTION
Despite its great consistency with the experimental data, the Standard Model (SM) is unable to explain several issues
such as, for example, the number of fermion generations, the large hierarchy of fermion masses, the small quark mixing
angles and the sizeable leptonic mixing ones. Whereas in the quark sector, the mixing angles are small, in the lepton
sector two of the mixing angles are large, and one mixing angle is small. Neutrino experiments have brought clear
evidence of neutrino oscillations from the measured neutrino mass squared splittings. The three neutrino flavors mix
and at least two of the neutrinos have non vanishing masses, which according to neutrino oscillation experimental
data must be smaller than the SM charged fermion masses by many orders of magnitude.
Models with an extended gauge symmetry are frequently used to tackle the limitations of the SM. In particular, the
models based on the gauge symmetry SU(3)c ⊗ SU(3)L ⊗ U(1)X , also called 3-3-1 models, can explain the origin of
fermion generations thanks to the introduction of a family non-universal SU(3)L symmetry [1–10], can provide an
explanation for the origin of the family structure of the fermions. These models have the following nice interesting
features: 1) The three family structure in the fermion sector naturally arises in the 3-3-1 models from the cancellation
of chiral anomalies and asymptotic freedom in QCD. 2) The fact that the third family is treated under a different
representation, can explain the large mass difference between the heaviest quark family and the two lighter ones.
3) The 3-3-1 models allow the quantization of electric charge [11, 12]. 4) These models have several sources of CP
violation [13, 14]. 5) The above models explain why the Weinberg mixing angle satisfies sin2 θW <
1
4 . 6) These models
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2contain a natural Peccei-Quinn symmetry, necessary to solve the strong-CP problem [15–18]. 7) The 3-3-1 models
with heavy sterile neutrinos include cold dark matter candidates as weakly interacting massive particles (WIMPs)
[19–22]. A concise review of WIMPs in 3-3-1 Electroweak Gauge Models is provided in Ref. [23].
In the 3-3-1 models, one heavy triplet field with a Vacuum Expectation Value (VEV) at high energy scale νχ, breaks
the symmetry SU(3)L ⊗ U(1)X into the SM electroweak group SU(2)L ⊗ U(1)Y , thus generating the masses of non
SM fermions and non SM gauge bosons, while the other two lighter triplets with VEVs at the electroweak scale υρ
and υη, trigger the Electroweak Symmetry Breaking [24] and provide the masses for the SM particles.
On the other hand, the implementation of discrete flavor symmetries in several extensions of the SM has provided a
nice description of the observed pattern of fermion masses and mixings (recent reviews on discrete flavor groups can
be found in Refs. [25–28]). Several discrete groups have been employed in extensions of the SM, such as A4 [29–49],
S3 [50–73], S4 [73–83], D4 [84–93], Q6 [94–98], T7 [99–108], T13 [109–112], T
′ [113–120], ∆(27) [121–137], ∆(54) [138]
and A5 [139–149] have been considered to explain the observed pattern of fermion masses and mixings.
Among several discrete symmetry groups, the A4 group has attracted a lot of attention since it is the smallest one which
admits one three-dimensional representation as well as three inequivalent one-dimensional representations. Then, the
choice of the A4 symmetry is natural since there are three families of fermions, i.e, the left handed leptons can be
unified in triplet representation of A4 while the right handed leptons can be assigned to A4 singlets. This setup has
been proposed for first time in Ref. [29] to study the lepton masses and mixings obtaining nearly degenerate neutrino
masses and allowing realistic charged leptons masses after the A4 symmetry is spontaneously broken. The scalar sector
of the minimal setup of Ref. [29] includes one A4 triplet whose components are SU(2)L doublets and one SU(2)L
doublet which transforms as an A4 trivial singlet. As it has been extensively discussed in the literature (for a recent
reviews see Refs. [25–27]) the A4 group, which is the group of even permutations of four elements has been shown to
generate the tribimaximal mixing pattern which predicts solar mixing and atmospheric mixing angles consistent with
the experimental data but yields a vanishing reactor mixing angle contradicting the recent experimental results from
the Daya Bay [150], T2K [151], MINOS [152], Double CHOOZ [153] and RENO [154] experiments. In view of this
the tribimaximal mixing pattern has to be modified.
In this work we build a highly predictive A4 flavor 3-3-1 model, where the A4 discrete symmetry is supplemented by
the Z4 ×Z6 ×Z16 ×Z ′16 discrete group, providing a framework consistent with the current low energy fermion flavor
data. In the model under consideration the different discrete group factors are broken completely, excepting the Z6
discrete group, which is broken down to the preserved Z2 symmetry, thus allowing the implementation of the one
loop level inverse seesaw mechanism for the generation of the light active neutrino masses. The SM charged fermion
masses and quark mixing angles arise from the breaking of the A4 × Z4 × Z6 × Z16 × Z ′16 discrete group.
The content of this paper goes as follows. In section II we describe our model. The low energy scalar potential of
our model is discussed in Section III. Section IV is devoted to the implications of our model in quark masses and
mixings. Section V deals with lepton masses and mixings. We conclude in section VII. Appendix A provides a concise
description of the A4 discrete group. Appendix B shows a discussion of the scalar potential for a A4 scalar triplet and
its minimization equations.
II. THE MODEL.
As is well known, the SU(3)C × SU (3)L × U (1)X model (3-3-1 model) with β = − 1√3 and right-handed Majorana
neutrinos in the SU(3)L lepton triplet is unsatisfactory in describing the observed SM fermion mass and mixing
pattern, due to the unexplained hierarchy among its large number of Yukawa couplings. To address that problem,
we propose an extension of the 3-3-1 model with β = − 1√
3
, where the scalar sector is extended to include several
EW scalar singlets, the fermion sector is extended by introducing six right handed Majorana neutrinos, and the
SU(3)C × SU (3)L × U (1)X gauge symmetry is supplemented by the A4 × Z4 × Z6 × Z16 × Z ′16 discrete group, so
3that the full symmetry G exhibits the following three-step spontaneous breaking:
G = SU(3)C × SU (3)L × U (1)X ×A4 × Z4 × Z6 × Z16 × Z ′16 (1)
⇓ Λint
SU(3)C × SU (3)L × U (1)X × Z2 × Z4
⇓ vχ
SU(3)C × SU (2)L × U (1)Y × Z2
⇓ vη, vρ
SU(3)C × U (1)Q ⊗ Z2
where the different symmetry breaking scales satisfy the following hierarchy Λint  vχ  vη, vρ. Let us note that all
discrete group are broken completely at the very high energy scale Λint  vχ, excepting the Z6 discrete group which
is broken down to the preserved Z2 symmetry. That preserved Z2 symmetry will allows us to implement a one loop
level inverse seesaw mechanism for the generation of the light active neutrino masses.
In the 3-3-1 model under consideration, the electric charge is defined in terms of the SU(3) generators and the identity
by:
Q = T3 + βT8 +XI = T3 − 1√
3
T8 +XI, (2)
with I = diag(1, 1, 1), T3 =
1
2diag(1,−1, 0) and T8 = ( 12√3 )diag(1, 1,−2) for triplet. Let us note that we have
chosen β = − 1√
3
, because in that choice the third component of the weak lepton triplet is a neutral field νCR which
allows to build the Dirac matrix with the usual field νL of the weak doublet. The introduction of a sterile neutrino
NR in the model allows the implementation of a low scale seesaw mechanism (which could be inverse or linear) for
the generation of the light neutrino masses. The 3-3-1 models with β = − 1√
3
have the advantage over other 3-3-1
models with different values β, of providing an alternative framework to generate neutrino masses, where the neutrino
spectrum includes the light active sub-eV scale neutrinos as well as sterile neutrinos which could be dark matter
candidates if they are light enough or candidates for detection at the LHC, if they have TeV scale masses. Let us
note that if the TeV scale sterile neutrinos are found at the LHC, the 3-3-1 models with β = − 1√
3
can be very strong
candidates for unraveling the mechanism responsible for electroweak symmetry breaking.
The cancellation of chiral anomalies implies that quarks are unified in the following SU(3)C × SU(3)L × U(1)X left-
and right-handed representations [2, 7, 155, 156]:
QnL =
 Dn−Un
Jn

L
∼ (3, 3∗, 0) , Q3L =
U3D3
T

L
∼
(
3, 3,
1
3
)
, n = 1, 2,
DiR ∼
(
3, 1,−1
3
)
, UiR ∼
(
3, 1,
2
3
)
, JnR ∼
(
3, 1,−1
3
)
, TR ∼
(
3, 1,
2
3
)
, i = 1, 2, 3, (3)
where UiL and DiL (i = 1, 2, 3) are the left handed up and down type quarks fields in the flavor basis, respectively.
The right handed SM quarks, i.e., UiR and DiR (i = 1, 2, 3) and right handed exotic quarks, i.e., TR and JnR (n = 1, 2)
are assigned as SU(3)L singlets with U(1)X quantum numbers equal to their electric charges.
Furthermore, the requirement of chiral anomaly cancellation constrains the leptons to the following SU(3)C×SU(3)L×
U(1)X left- and right-handed representations [2, 7, 155]:
LiL =
νiei
νci

L
∼
(
1, 3,−1
3
)
, eiR ∼ (1, 1,−1) , i = 1, 2, 3, (4)
In the present model the fermion sector is extended by introducing six right handed Majorana neutrinos, singlets
under the 3-3-1 group, so that they have the following SU(3)C × SU(3)L × U(1)X assignments:
NiR ∼ (1, 1, 0) , ΩiR ∼ (1, 1, 0) , i = 1, 2, 3, (5)
4Regarding the scalar sector of the 3-3-1 model with right handed Majorana neutrinos, we assign the scalar fields in
the following SU(3)C × SU(3)L × U(1)X representations:
χ =
 χ01χ−2
1√
2
(vχ + ξχ ± iζχ)
 ∼ (1, 3,−1
3
)
, ρ =
 ρ+11√
2
(vρ + ξρ ± iζρ)
ρ+3
 ∼ (1, 3, 2
3
)
,
η =
 1√2 (vη + ξη ± iζη)η−2
η03
 ∼ (1, 3,−1
3
)
, (6)
The scalar sector of the 3-3-1 model with right handed Majorana neutrinos includes: three 3’s irreps of SU(3)L,
where one triplet χ gets a TeV scale vacuum expectation value (VEV) vχ, that breaks the SU(3)L⊗U(1)X symmetry
down to SU(2)L ⊗ U(1)Y , thus generating the masses of non SM fermions and non SM gauge bosons; and two light
triplets η and ρ acquiring electroweak scale VEVs vη and vρ, respectively, thus triggering Electroweak Symmetry
Breaking and then providing masses for the fermions and gauge bosons of the SM [24].
On the other hand, the lepton number has a gauge component as well as a complementary global one, according to
the following relation:
L =
4√
3
T8 + L =
 ± 23 + L 0 00 ± 23 + L 0
0 0 ∓ 43 + L
 , (7)
where the upper and lower signs correspond to triplet and antitriplet of SU(3)L, respectively. The L operator that does
not commute with the SU(3)C × SU(3)L ×U(1)X gauge symmetry. However, L is a conserved charge corresponding
to the U(1)L global symmetry, commuting with the gauge symmetry and corresponds to the ordinary lepton number.
In addition, the hypercharge operator is defined as:
Y
2
= −1
4
(L− L) +X (8)
From Eq. (7) it follows that the masses of the right handed Majorana neutrinos NjR, which will be generated at
one loop level (as we will shown later, in section V) will break the lepton number by two units, thus allowing the
implementation of the one loop level inverse seesaw mechanism for the generation of the light active neutrino masses
and giving rise to the neutrinoless double beta decay. Consequently, the light active neutrinos are also Majorana
particles, as follows from the Valle-Schechter Theorem [157], which states that any mechanism generating neutrinoless
double beta decay implies that neutrinos are Majorana particles.
We extend the scalar sector of the 3-3-1 model with right handed Majorana neutrinos by adding the following SU(3)L
scalar singlets, with the following SU(3)C × SU(3)L × U(1)X assignments:
ϕ ∼ (1, 0, 0) , τn ∼ (1, 0, 0) , σ ∼ (1, 0, 0) , φ ∼ (1, 0, 0) , n = 1, 2,
% ∼ (1, 0, 0) , ξj ∼ (1, 0, 0) , ζj ∼ (1, 0, 0) , Φj ∼ (1, 0, 0) , ∆j ∼ (1, 0, 0) ,
Ξj ∼ (1, 0, 0) , Θj ∼ (1, 0, 0) , j = 1, 2, 3. (9)
The scalar fields of our model have the following A4 × Z4 × Z6 × Z16 × Z ′16 assignments:
χ ∼ (1,0, 0, 0, 0) , ρ ∼ (1,0, 2, 0, 0) , η ∼ (1,0, 4, 0, 0) , ϕ ∼ (1,1,−3, 0, 0) ,
σ ∼ (1′′,0, 0,−1, 0) , τ1 ∼ (1′,0, 0,−1,−1) , τ2 ∼ (1′,0, 0,−2,−1) , φ ∼ (1,0, 0,−1, 0) ,
% ∼ (1,2, 0, 0, 0) , ξ ∼ (3,0, 0, 6,−1) , ζ ∼ (3,0, 2, 0, 0) , Φ ∼ (3,0, 0, 0,−3) ,
∆ ∼ (3,0, 0, 0,−3) , Ξ ∼ (3,0, 0, 0,−8) , Θ ∼ (3,2, 0, 0, 0) . (10)
Here the dimensions of the A4 irreducible representations are specified by the numbers in boldface and the different
Z4 × Z6 × Z16 × Z ′16 charges are written in additive notation. Let us note that all scalar fields acquire nonvanishing
vacuum expectation values, excepting the SU(3)L scalar singlet ϕ, whose Z6 charge corresponds to a nontrivial charge
under the preserved Z2 symmetry. The scalar assignments under the U(1)L×A4×Z4×Z6×Z16×Z ′16 discrete group
are summarized in Table I.
The quark assignments under the group A4 × Z4 × Z6 × Z16 × Z ′16 are:
Q1L ∼ (1′′,0, 0, 0, 0) , Q2L ∼ (1′, 0, 0, 2, 0) , Q3L ∼ (1,0, 0, 4, 0) ,
U1R ∼ (1,0, 4, 8, 8) , U2R ∼ (1,0, 4, 6, 4) , U3R ∼ (1,0, 4, 4, 0) , TR ∼ (1,0, 0, 4, 0) ,
DR = (D1R, D2R, D3R) ∼ (3,0, 2, 0, 1) , J1R ∼ (1′′,0, 0, 0, 0) , J2R ∼ (1′, 0, 0, 2, 0) . (11)
5χ ρ η ϕ σ τ1 τ2 φ % ξ ζ Φ ∆ Ξ Θ
L 4
3
− 2
3
− 2
3
2 0 0 0 0 2 0 0 0 0 0 2
A4 1 1 1 1 1
′′ 1′ 1′ 1 1 3 3 3 3 3 3
Z4 0 0 0 1 0 0 0 0 2 0 0 0 0 0 2
Z6 0 2 4 −3 0 0 0 0 0 0 2 0 0 0 0
Z16 0 0 0 0 −1 −1 −2 −1 0 6 0 0 0 0 0
Z′16 0 0 0 0 0 −1 −1 0 0 −1 0 −3 −3 −8 0
Table I: Scalar assignments under U(1)L ×A4 × Z4 × Z6 × Z16 × Z′16.
Q1L Q2L Q3L U1R U2R U3R TR DR J1R J2R LL NR Ω e1R e2R e3R
L 2
3
2
3
− 2
3
0 0 0 −2 0 2 2 1
3
−1 −1 1 1 1
A4 1
′′ 1′ 1 1 1 1 1 3 1′′ 1′ 3 3 3 1 1 1
Z4 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0
Z6 0 0 0 4 4 4 0 2 0 0 3 3 0 3 3 3
Z16 0 2 4 8 6 4 4 0 0 2 0 0 0 5 0 0
Z′16 0 0 0 8 4 0 0 1 0 0 0 0 0 3 8 3
Table II: Fermion assignments under U(1)L ×A4 × Z4 × Z6 × Z16 × Z′16.
Lets us note that we assign the quarks fields into A4 singlet representations, excepting the SM right handed down
type quarks fields which are grouped in a A4 triplet.
The lepton fields of our model have the following A4 × Z4 × Z6 × Z16 × Z ′16 assignments:
LL = (L1L, L2L, L3L) ∼ (3,0, 3, 0, 0) , NR = (N1R, N2R, N3R) ∼ (3,0, 3, 0, 0) , (12)
ΩR = (Ω1R,Ω2R,Ω3R) ∼ (3,− 1, 0, 0, 0) , e1R ∼ (1,0, 3, 5, 3) , e2R ∼ (1,0, 3, 0, 8) , e3R ∼ (1,0, 3, 0, 3)
As regards the lepton sector, we recall that the left and right-handed leptons are grouped into A4 triplet and A4 singlet
irreducible representations, respectively, whereas the right-handed Majorana neutrinos, i.e., NiR and are unified ΩiR
(i = 1, 2, 3) into the A4 triplets, i.e., NR and ΩR. The fermion assignments under the U(1)L×A4×Z4×Z6×Z16×Z ′16
discrete group are summarized in Table II.
With the above particle content, the relevant Yukawa terms for the quark and lepton sector invariant under the group
G, respectively, are:
−L(q)Y = y(T )Q3LχTR + y(U)33 Q3LηU3R + y(U)23 Q2Lρ∗U3R
σ2
Λ2
+ y
(U)
13 Q1Lρ
∗U3R
σ4
Λ4
+y
(U)
22 Q2Lρ
∗U2R
τ41
Λ4
+ y
(U)
12 Q1Lρ
∗U2R
τ41τ2
Λ5
+ y
(U)
11 Q1Lρ
∗U1R
τ81
Λ8
+y
(J)
1 Q1Lχ
∗J1R + y
(J)
2 Q2Lχ
∗J2R + y
(D)
1 Q1Lη
∗ (ξDR)1′′
φ6
Λ7
+ y
(D)
2 Q2Lη
∗ (ξDR)1′
φ4
Λ5
+y
(D)
3 Q3Lρ (ξDR)1
φ2
Λ3
+H.c, (13)
−L(l)Y = y(L)11
(
LLρΦ
)
1
e1R
φ5
Λ6
+ y
(L)
31
(
LLρ∆
)
1
e1R
φ5
Λ6
+ y
(L)
22
(
LLρΞ
)
1
e2R
1
Λ
.
+y
(L)
13
(
LLρΦ
)
1
e3R
1
Λ
+ y
(L)
33
(
LLρ∆
)
1
e3R
1
Λ
+ yρεabc
(
L
a
L
(
LCL
)b)
3a
(ρ∗)c
ζ
Λ
+y(L)χ
(
LLχNR
)
1
+ y(N)ϕ
(
NRΩCR
)
1
ϕ+ y(Ω)%
(
ΩRΩCR
)
1
%+ y
(Ω)
Θ
(
ΩRΩCR
)
3s
Θ +H.c (14)
where the dimensionless couplings in Eq. (13) and (14) are O(1) parameters. Furthermore, as it will shown in Sect.
IV, the quark assignments under the different group factors of our model will give rise to SM quark mass textures
where the CKM quark mixing angles only arise from the up type quark sector. As indicated by the current low energy
quark flavor data encoded in the Standard parametrization of the quark mixing matrix, the complex phase responsible
6for CP violation in the quark sector is associated with the quark mixing angle in the 1-3 plane. Consequently, in
order to reproduce the experimental values of quark mixing angles and CP violating phase, y
(U)
13 is required to be
complex. Besides that, as it will shown in Sect. V, the light active neutrino sector will generate the tribimaximal
mixing matrix, whereas the charged lepton sector will give rise to the reactor mixing angle. In order to account for
CP violation in neutrino oscillations, we will also assume that the y
(L)
13 parameter is complex.
Although the flavor discrete groups in Eq. (1) look rather sophisticated, each discrete group factor is crucial for
generating highly predictive SM fermion mass matrices consistent with low energy fermion flavor data. As it will
shown in Sect. V, the predictive textures for the lepton sectors will give rise to the experimentally observed deviation
of the tribimaximal mixing pattern. Besides that, the resulting SM quark mass matrices will give rise to quark mixing
only emerging from the up type quark sector. This is a consequence of the A4 flavor symmetry, which needs to be
supplemented by the A4 × Z4 × Z6 × Z16 × Z ′16 discrete group. As we will see in the next sections, this predictive
setup can successfully account for SM fermion masses and mixings. The inclusion of the A4 discrete group reduces
the number of parameters in the Yukawa and scalar sector of the SU(3)C × SU(3)L × U(1)X model making it more
predictive. We choose A4 since it is the smallest discrete group with a three-dimensional irreducible representation
and 3 distinct one-dimensional irreducible representations, which allows to naturally accommodate the three fermion
families. In what follows we provide an explanation of the role of each discrete cyclic group factor introduced in our
model. The Z4 symmetry is the smallest cyclic symmetry that guarantees that the renormalizable Yukawa terms for
the right handed Majorana neutrinos ΩiR (i = 1, 2, 3) only involve the scalar fields % andΘi (i = 1, 2, 3) assumed to
be real, whose VEVs are taken to satisfy vΘ  v% ∼ O(1) TeV. In addition, the Z4 symmetry avoids 5 dimensional
Yukawa interactions of the right handed Majorana neutrinos ΩiR (i = 1, 2, 3) with the scalar fields ξi (i = 1, 2, 3) (which
acquire VEVs at very high energy scale), that could push the masses for these right handed Majorana neutrinos at
very high scale. Consequently, the Z4 symmetry is crucial to have TeV scale inverse seesaw mediators ΩiR (i = 1, 2, 3),
which allows the implementation of a one loop level inverse seesaw mechanism to generate light active neutrino masses,
thus giving rise to exotic pseudo-Dirac neutrinos within the LHC reach. The Z6 symmetry has the following roles:
1) To separate the A4 scalar triplet ζ participating in the Dirac neutrino Yukawa interactions from the remaining A4
scalar triplets. 2) To forbid mixings between SM quarks and exotic quarks, thus resulting in a reduction of quark
sector model parameters. 3) To allow the implementation of the one loop level inverse seesaw mechanism for the
generation of the light active neutrino masses, due to to the fact that the Z6 discrete group is broken down to the
preserved Z2 symmetry. Let us note that we use the Z6 discrete group since it is the smallest cyclic group that
contains both the Z3 and Z2 symmetries. The Z3 symmetry contained in Z6 allows to decouple the exotic quarks
from the SM quarks, whereas the preserved Z2 symmetry is crucial for the implementation of the one loop level inverse
seesaw mechanism for the generation of the light active neutrino masses. In what concerns, the Z16 symmetry, it is
worth mentioning that it is crucial to generate the observed charged fermion mass and quark mixing pattern. Let us
note, that the properties of the ZN groups imply that the Z16 symmetry is the smallest cyclic symmetry from which
the Yukawa term Q
1
Lρ
∗U1R
τ81
Λ8 of dimension twelve can be built, from a
τ81
Λ8 insertion on the Q
1
Lρ
∗U1R operator, crucial
to get the required λ8 suppression (where λ = 0.225 is one of the Wolfenstein parameters) needed to naturally explain
the smallness of the up quark mass, which is λ8 v√
2
(λ = 0.225 is one of the Wolfenstein parameters) times a O(1)
parameter. Furthermore, the Z16 discrete symmetry separates the A4 scalar triplet ξ participating in the SM down
type quark Yukawa interactions from the remaining A4 scalar triplets. The Z
′
16 symmetry has the functions: 1) To
select the allowed entries of the SM quark mass matrices, thus yielding a very predictive quark sector. It is worth
mentioning that the Z ′16 is the smallest cyclic symmetry that allows us to get vanishing (2, 1), (3, 1) and (3, 2) entries
in the SM up type quark mass matrix. 2) To distinguish the A4 scalar triplet ξ participating in the quark Yukawa
interactions, from the ones, i.e., ζ and Θ that appear in the neutrino Yukawa terms and from the A4 scalar triplets,
i.e., Φ, ∆ and Ξ , contributing to the charged lepton masses, thus allowing to treat, the SM down type quark, the
charged lepton and neutrino sectors independently. 3) To separate the A4 scalar triplets Φ and ∆ contributing to
the electron and tau lepton masses as well as to the reactor mixing angle from the A4 scalar triplet Ξ that give rises
to the muon lepton mass. This is crucial to generate the experimentally observed deviation from the tribimaximal
mixing pattern, which in our model arises from the charged lepton sector.
Furthermore, since the breaking of the A4 × Z6 × Z16 × Z ′16 discrete group gives rise to the charged fermion mass
and quark mixing pattern, we set the VEVs of the SU(3)L singlet scalar fields (excepting ϕ which has a vanishing
vacuum expectation value) with respect to the Wolfenstein parameter λ = 0.225 and the model cutoff Λ, as follows:
vΘ  v% ∼ vζ  vΞ = λ5Λ < vΦ = λ4Λ < v∆ = λ3Λ vξ ∼ vσ ∼ vφ ∼ vτ1 ∼ vτ2 ∼ λΛ (15)
Let us note that we have assumed a hierarchy between the vacuum expectation values of the A4 scalar triplets, in
order to simplify our analysis of the scalar potential for the A4 scalar triplets. That hierarchy in their VEVs will allow
us to neglect the mixings between these fields as follows from the method of recursive expansion of Ref. [158] and
to treat their scalar potentials independently. Furthermore, let us note that we have assumed the relation vΦ ∼ λv∆
7for the vacuum expectation values of the A4 scalar triplets Φ and ∆ contributing to the electron and tau lepton
masses as well as to the reactor mixing angle θ13. That assumption is made in order to connect the reactor mixing
parameter sin2 θ13 with the Wolfenstein parameter λ = 0.225, through the relation sin θ13 ∼ λ, which is suggested by
the neutrino oscillation experimental data.
In the following we comment on the possible VEV patterns for the A4 scalar triplets ξ, ζ, Φ, ∆, Ξ, Θ. Since the
VEVs of the A4 scalar triplets satisfy the following hierarchy: vΘ  v% ∼ vζ  vΞ < vΦ < v∆  vξ the mixing
angles between ξ, ∆, Φ, Ξ, ζ and Θ are very small since they are suppressed by the ratios of their VEVs, which is
a consequence of the method of recursive expansion proposed in Ref. [158]. Thus, the scalar potentials for the A4
scalar triplets ξ, ζ, Φ, ∆, Ξ, Θ can be treated independently. As shown in detail in Appendix B, the following VEV
patterns for the A4 scalar triplets are consistent with the scalar potential minimization equations for a large region
of parameter space:
〈ξ〉 = vξ√
3
(1, 1, 1) , 〈Φ〉 = vΦ (1, 0, 0) , 〈∆〉 = v∆ (0, 0, 1) ,
〈Ξ〉 = vΞ (0, 1, 0) , 〈ζ〉 = vζ√
2
(0,−1, 1) , 〈Θ〉 = − vΘ√
5
(1, 2, 0) . (16)
III. LOW ENERGY SCALAR POTENTIAL
The renormalizable low energy scalar potential of the model under consideration is given by:
V = −µ2χ(χ†χ)− µ2η(η†η)− µ2ρ(ρ†ρ) + µ2ϕϕϕ∗ − µ2%%2 + f1
(
ηiχjρkε
ijk +H.c.
)
+ f2
[
% (ϕ∗)2 +H.c
]
+λ1(χ
†χ)(χ†χ) + λ2(ρ†ρ)(ρ†ρ) + λ3(η†η)(η†η) + λ4(χ†χ)(ρ†ρ) + λ5(χ†χ)(η†η)
+λ6(ρ
†ρ)(η†η) + λ7(χ†η)(η†χ) + λ8(χ†ρ)(ρ†χ) + λ9(ρ†η)(η†ρ) + λ10 (ϕϕ∗)
2
+λ11(η
†η) (ϕϕ∗) + λ12(ρ†ρ) (ϕϕ∗) + λ13(χ†χ) (ϕϕ∗) + λ14(η†η)%2 + λ15(ρ†ρ)%2
+λ16(χ
†χ)%2 + λ17%4 (17)
where % is the only real scalar. From the scalar potential given above, one obtains that the scalar mass eigenstates
are connected with the weak scalar states by the following approximate relations(
G±1
H±1
)
' RβT
(
ρ±1
η±2
)
,
(
G01
A01
)
' RβT
(
ζρ
ζη
)
,
(
H01
h0
)
' RαT
(
ξρ
ξη
)
, (18)
(
G02
H02
)
' R1
(
χ01
η03
)
,
G03H03
H04
 ' R2
ζχξχ
%
 , (G±2
H±2
)
' R
(
χ±2
ρ±3
)
,
(
A02
H05
)
= I
(
Imϕ
Reϕ
)
, (19)
with
Rα(β) =
(
cosα(β) sinα(β)
− sinα(β) cosα(β)
)
, tanβ =
vη
vρ
, tan 2α =
M21
M22 −M23
,
M21 = 4λ6vηvρ + 2
√
2f1vχ M
2
2 = 4λ2v
2
ρ −
√
2f1vχ tanβ, M
2
3 = 4λ3v
2
η −
√
2f1vχ
tanβ
, (20)
R1 =
(
−1 0
0 1
)
, I =
(
1 0
0 1
)
, R2 =
 −1 0 00 cos γ sin γ
0 − sin γ cos γ
 , tan 2γ = 4λ16vχv%
4λ17v2% − λ1v2χ
.
The low energy physical scalar spectrum of our model is composed of the following fields: 4 massive charged Higgs
(H±1 , H
±
2 ), two CP-odd Higgses (A
0
1, A
0
2), 5 neutral CP-even Higgs (h
0, H01 , H
0
3 , H
0
4 , H
0
5 ) and 2 neutral Higgs (H
0
2 , H
0
2)
bosons. The scalar h0 is identified with the SM-like 126 GeV Higgs boson found at the LHC. It it noteworthy that
the neutral Goldstone bosons G01, G
0
3, G
0
2 , G
0
2 are associated to the longitudinal components of the Z, Z
′, K0
and K
0
gauge bosons, respectively. Furthermore, the charged Goldstone bosons G±1 and G
±
2 are associated to the
longitudinal components of the W± and K± gauge bosons, respectively.
8IV. QUARK MASSES AND MIXINGS.
From the quark Yukawa interactions given by Eq. (13) we find that the SM mass matrices for quarks take the form:
MU =
v√
2
 c1λ8 b1λ5 a1λ40 b2λ4 a2λ2
0 0 a3
 , MD = v√
2
 g1λ7 0 00 g2λ5 0
0 0 g3λ
3
RD, (21)
RD =
1√
3
 1 ω2 ω1 ω ω2
1 1 1
 , ω = e 2pii3 .
where c1, bn (n = 1, 2), ai, gi (i = 1, 2, 3) are O(1) dimensionless parameters. Here λ = 0.225 is one of the Wolfenstein
parameters and v = 246 GeV the scale of electroweak symmetry breaking. From the SM quark mass textures given
above, it follows that the quark mixing angles only arise from the up type quark sector. Besides that, the low energy
quark flavor data indicates that the CP violating phase in the quark sector is associated with the quark mixing angle
in the 1-3 plane, as follows from the Standard parametrization of the quark mixing matrix. Consequently, in order
to get quark mixing angles and a CP violating phase consistent with the experimental data, we assume that all
dimensionless parameters given in Eqs. (21) are real, except for a1, taken to be complex.
Furthermore, as follows from the different Z6 charge assignments for the quark fields, the exotic quarks do not mix
with the SM quarks. We find that the exotic quark masses are given by:
mT = y
(T ) vχ√
2
, mJ1 = y
(J)
1
vχ√
2
=
y
(J)
1
y(T )
mT , mJ2 = y
(J)
2
vχ√
2
=
y
(J)
2
y(T )
mT . (22)
The obtained values for the physical quark mass spectrum [159, 160], mixing angles and Jarlskog invariant [161] are
consistent with their experimental data, as shown in Table III, starting from the following benchmark point:
c1 ' 1.233, b1 ' 1.429, b2 ' 1.392, |a1| ' 3.353, a2 ' −0.800
a3 ' 0.999, , arg (a1) ' −156.74◦, g1 ' 0.565, g2 ' 0.570, g3 ' 1.416, (23)
Observable Model value Experimental value
mu(MeV ) 1.39 1.45
+0.56
−0.45
mc(MeV ) 657 635± 86
mt(GeV ) 174 172.1± 0.6± 0.9
md(MeV ) 2.9 2.9
+0.5
−0.4
ms(MeV ) 57.7 57.7
+16.8
−15.7
mb(GeV ) 2.82 2.82
+0.09
−0.04
sin θ12 0.220 0.2254
sin θ23 0.0414 0.0413
sin θ13 0.00354 0.00351
δ 72◦ 68◦
Table III: Model and experimental values of the quark masses and CKM parameters.
In Table III we show the model and experimental values for the physical observables of the quark sector. We use
the MZ-scale experimental values of the quark masses given by Ref. [159] (which are similar to those in [160]). The
experimental values of the CKM parameters are taken from Ref. [161]. As indicated by Table III, the obtained quark
masses, quark mixing angles, and CP violating phase are consistent with the low energy quark flavor data.
In order to study the sensitivity of the obtained values for the SM quark masses, and CKM parameters under small
variations around the best-fit values (maximum variation of +0.2, minimum of −0.2), we show in Figures 1 and 2 the
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Figure 1: SM quark masses randomly generated. The horizonal lines are the minimum and maximum values of the neutrino
mass squared splittings inside the 3σ experimentally allowed range.
predicted SM quark masses and CKM parameters, respectively, as functions of the iteration. We find that a slight
deviation from the best-fit values, keeps all the obtained SM quark masses, with the exception of the top and bottom
quark masses, inside the 3σ experimentally allowed range. In what regards the top and bottom quark masses, a large
amount of points are inside the 3σ experimentally allowed range. The points outside the 3σ experimentally allowed
range, correspond to values close to the lower and upper experimental bounds of the bottom quark mass. In what
concerns the quark mixing angles and Jarlskog invariant we find that a slight deviation from the best-fit values keeps
the these CKM parameters within the same order of magnitude. Consequently, our model is very predictive for the
quark sector.
On the other hand, from the SM quark textures, it follows that in order to obtain realistic SM quark masses and mixing
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Figure 2: Quark mixing parameters and Jarlskog invariant randomly generated.
angles without requiring a strong hierarchy among the Yukawa couplings, one should have vρ ∼ vη, which implies that
tanβ ∼ O(1). Furthermore, as the h0bb¯ coupling is proportional to sinαcos β , in order to get a h0bb¯ coupling close to the
SM expectation, we have α ∼ β ± pi2 . In what follows we briefly comment about the phenomenological implications
of our model in the concerning to the flavor changing processes involving quarks. As previously mentioned, the
different Z6 charge assignments for SM and exotic right handed quark fields imply the absence of mixing between
them. The absence of mixings between the SM and exotic quarks will imply that the exotic fermions will not exhibit
flavor changing decays into SM quarks and gauge (or Higgs) bosons. After being pair produced they will decay into
the SM quarks and the intermediate states of heavy gauge bosons, which in turn decay into the pairs of the SM
fermions, see e.g. [162]. The precise signature of the decays of the exotic quarks depends on details of the spectrum
and other parameters of the model. The present lower limits on the Z ′ gauge boson mass in 3-3-1 models arising
from LHC searches, reach around 2.5 TeV [163]. These bounds can be translated into limits of about 6.3 TeV on
the SU(3)C ⊗ SU (3)L ⊗ U (1)X gauge symmetry breaking scale vχ. Furthermore, electroweak data from the decays
Bs,d → µ+µ− and Bd → K∗(K)µ+µ− set lower bounds on the Z ′ gauge boson mass ranging from 1 TeV up to 3
TeV [156, 164–167]. The exotic quarks can be pair produced at the LHC via Drell-Yan and gluon fusion processes
mediated by charged gauge bosons and gluons, respectively. A detailed study of the exotic quark production at the
LHC and the exotic quark decay modes is beyond the scope of this work and is deferred for a future publication.
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V. LEPTON MASSES AND MIXINGS.
From Eqs. (14), (15), (16) and using the product rules of the A4 group given in Appendix A, we find that the charged
lepton mass matrix is given by:
Ml =
v√
2
 x1λ9 0 z1λ40 yλ5 0
x2λ
8 0 z2λ
3
 , (24)
where xn, y, zn (n = 1, 2) are O(1) dimensionless parameters, assumed to be real, excepting z1, taken to be complex,
in order to generate a nonvanishing leptonic Dirac CP violating phase. Specifically, for the sake of simplicity we take
z1 as z1 = |z1| eiκ.
The matrix MlM
†
l is diagonalized by a rotation matrix Rl according to:
R†lMlM
†
l Rl =
 m2e 0 00 m2µ 0
0 0 m2τ
 , Rl =
 cos θl 0 −eiκ sin θl0 1 0
e−iκ sin θl 0 cos θl
 , tan θl ' −|z1|
z2
λ,
(25)
where the charged lepton masses are approximately given by:
me '
√
x22 |z1|2 + x21z22 − 2x1x2z1z2 cosκ
z22 + λ
2 |z1|2
λ9
v√
2
, mµ = yλ
5 v√
2
, mτ '
√
z22 + z
2
1λ
2λ3
v√
2
. (26)
It is worth mentioning that the charged lepton masses are connected with the electroweak symmetry breaking scale
v = 246 GeV by their scalings with powers of the Wolfenstein parameter λ = 0.225, with O(1) coefficients. This is
consistent with our previous assumption made in Eq. (15) regarding the size of the VEVs for the SU(3)L singlet
scalars appearing in the charged fermion Yukawa terms. Furthermore, it is noteworthy that the mixing angle θl in the
charged lepton sector is large, which gives rise to an important contribution to the leptonic mixing matrix, coming
from the mixing of charged leptons.
Regarding the neutrino sector, from the Eq. (14), we find the following neutrino mass terms:
− L(ν)mass =
1
2
(
νCL νR NR
)
Mν
 νLνCR
NCR
+H.c, (27)
where the A4 family symmetry constrains the neutrino mass matrix to be of the form:
Mν =
 03×3 MνD 03×3MTνD 03×3 Mχ
03×3 MTχ MR
 (28)
where the submatrices MνD and Mχ are generated at tree level from the nonrenormalizable εabc
(
L
a
L
(
LCL
)b)
3a
(ρ∗)c ζΛ
and renormalizable
(
LLχNR
)
1
Yukawa terms, respectively, whereas the submatrix MR arises from a one loop level
radiative seesaw mechanism mediated by the massive right handed Majorana neutrinos Ωi (i = 1, 2, 3) and the real
Reϕ and imaginary Imϕ parts of the Z6 charged scalar field ϕ. As previously mentioned, the facts that the Z6
discrete group is broken down to the preserved Z2 symmetry and the SU(3)L singlet scalar field ϕ (which appears
in the neutrino Yukawa interaction
(
NRΩ
)
1
ϕ) has a Z6 charge corresponding to a nontrivial Z2 charge, implies that
this scalar does not acquire a vacuum expectation value, thus generating the submatrix MR only at one loop level.
The one loop Feynman diagrams contributing to the entries of the Majorana neutrino mass submatrix MR are shown
12
×v̺
Ni NiΩi Ωi
Re ϕ, Im ϕ Re ϕ, Im ϕ
×
v̺
×v̺
Ni NjΩi Ωj
Re ϕ, Im ϕ Re ϕ, Im ϕ
×
vΘ
Figure 3: Loop Feynman diagrams contributing to the entries of the Majorana neutrino mass submatrix MR. Here i, j = 1, 2, 3
and i 6= j.
in Figure 3. The submatrices MνD, Mχ and MR are given by:
MνD =
yρvζvρ√
2Λ
 0 1 1−1 0 0
−1 0 0
 , Mχ = y(L)χ vχ√
2
 1 0 00 1 0
0 0 1
 , (29)
MR =

y
(Ω)
% F
(
y
(Ω)
% v%,mR,mI
)
v% 0 −2y(Ω)Θ F
(
−2y(Ω)Θ vΘ√5 ,mR,mI
)
vΘ√
5
0 y
(Ω)
% F
(
y
(Ω)
% v%,mR,mI
)
v% −y(Ω)Θ F
(
−y(Ω)Θ vΘ√5 ,mR,mI
)
vΘ√
5
−2y(Ω)Θ F
(
−2y(Ω)Θ vΘ√5 ,mR,mI
)
vΘ√
5
−y(Ω)Θ F
(
−y(Ω)Θ vΘ√5 ,mR,mI
)
vΘ√
5
y
(Ω)
% F
(
y
(Ω)
% v%,mR,mI
)
v%
 ,
where:
mR = mReϕ =
√
µ2ϕ +
1
2
(
λ11v2η + λ12v
2
ρ + λ13v
2
χ
)
+ 2f2v%,
mI = mImϕ =
√
µ2ϕ +
1
2
(
λ11v2η + λ12v
2
ρ + λ13v
2
χ
)− 2f2v%, (30)
and the following function has been introduced [168]:
F (m1,m2,m3) =
(
y
(N)
ϕ
)2
16pi2
[
m22
m22 −m21
ln
(
m22
m21
)
− m
2
3
m23 −m21
ln
(
m23
m21
)]
, (31)
In order to connect the neutrino mass squared splittings with the quark mixing parameters and motivated by the
relation ∆m213 ∼ λ4O(1)eV 2, we set vΘ ∼ λ4v%. In addition, for the sake of simplicity we assume that the Z6 charged
SU(3)L singlet scalar field ϕ is heavier than the right handed Majorana neutrinos Ωi (i = 1, 2, 3), in such a way that
we can restrict to the scenario:
m2Reϕ,m
2
Imϕ 
(
y(Ω)%
)2
v2%  v2Θ ∼ λ8v2% (32)
for which the submatrix MR takes the form:
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MR '
(
y
(N)
ϕ
)2 (
m2Reϕ −m2Imϕ
)
8pi2
(
m2Reϕ +m
2
Imϕ
)

y
(Ω)
% v% 0 −2y(Ω)Θ vΘ√5
0 y
(Ω)
% v% −y(Ω)Θ vΘ√5
−2y(Ω)Θ vΘ√5 −y
(Ω)
Θ
vΘ√
5
y
(Ω)
% v%

=
(
y
(N)
ϕ
)2
f2v%
4pi2
[
µ2ϕ +
1
2
(
λ11v2η + λ12v
2
ρ + λ13v
2
χ
)]

y
(Ω)
% v% 0 −2y(Ω)Θ vΘ√5
0 y
(Ω)
% v% −y(Ω)Θ vΘ√5
−2y(Ω)Θ vΘ√5 −y
(Ω)
Θ
vΘ√
5
y
(Ω)
% v%

=
 γ1 0 −2γ2λ40 γ1 −γ2λ4
−2γ2λ4 −γ2λ4 γ1
mR, (33)
where γ1 and γ2 are O(1) dimensionless parameters, assumed to be real for simplicity. Furthermore, mR is the mass
scale for the Majorana neutrinos Ni (i = 1, 2, 3), which sets the scale of breaking of lepton number.
As shown in detail in Ref. [169], the full rotation matrix that diagonalizes the neutrino mass matrix Mν is approxi-
mately given by:
U =

Vν B3Uχ B2UR
− (B†2+B†3)√
2
Vν
(1−S)√
2
Uχ
(1+S)√
2
UR
− (B†2−B†3)√
2
Vν
(−1−S)√
2
Uχ
(1−S)√
2
UR
 , (34)
where
S = − 1
2
√
2y
(L)
χ vχ
MR, B2 ' B3 ' 1
y
(L)
χ vχ
M∗D, (35)
and the physical neutrino mass matrices are:
M (1)ν = MνD
(
MTχ
)−1
MRM
−1
χ M
T
νD, (36)
M (2)ν = −
1
2
(
Mχ +M
T
χ
)
+
1
2
MR, M
(3)
ν =
1
2
(
Mχ +M
T
χ
)
+
1
2
MR, (37)
where M
(1)
ν is the light active neutrino mass matrix whereas M
(2)
ν and M
(3)
ν are the exotic Dirac neutrino mass
matrices. It is worth mentioning that physical neutrino spectrum consists of three light active neutrinos and six
exotic neutrinos. The exotic neutrinos are pseudo-Dirac, with masses ∼ ±vχ ∼ O(1) TeV and a small splitting ∼ mR.
This scenario is much more interesting than the one proposed in Ref. [135] where the sterile neutrinos are very much
outside the LHC reach since their masses are extremelly large, thus giving rise a double seesaw mechanism for the
light active neutrino masses instead of the radiative inverse seesaw mechanism proposed in this work. Furthermore,
Vν , UR and Uχ are the rotation matrices which diagonalize M
(1)
ν , M
(2)
ν and M
(3)
ν , respectively. It is worth mentioning
that the heavy quasi Dirac neutrinos can be produced in pairs at the LHC, via a Drell-Yan mechanism mediated by a
heavy non Standard Model neutral gauge boson Z ′. The heavy quasi Dirac neutrinos can decay into a Standard Model
charged lepton and a W gauge boson, due to their mixings with the light active neutrinos. Thus, the observation of
an excess of events in the dilepton final states with respect to the SM background, would be a signal supporting this
model at the LHC and can be used to distiguish this model from the one proposed in Ref. [135]. A detailed study of
the collider phenomenology of this model is beyond the scope of the present paper and is left for future studies.
From Eq. (36) it follows that the light active neutrino mass matrix is given by:
M (1)ν =
 2
(
γ1 − γ2λ4
)
2γ2λ
4 2γ2λ
4
2γ2λ
4 γ1 γ1
2γ2λ
4 γ1 γ1
 2y2ρv2ρv2ζmR(
y
(L)
χ
)2
v2χΛ
2
=
 2
(
A1ν −A2νλ4
)
2A2νλ
4 2A2νλ
4
2A2νλ
4 A1ν A1ν
2A2νλ
4 A1ν A1ν
 ,
Let us note that the smallness of the active neutrino masses arises from their scaling with inverse powers of the high
energy cutoff Λ as well as from their linear dependence on the loop induced mass scale mR for the Majorana neutrinos
Ni (i = 1, 2, 3).
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The light active neutrino mass matrix M
(1)
ν is diagonalized by a unitary rotation matrix Rν , according to:
RTνM
(1)
ν Rν =

 0 0 00 2 (A1ν − 2A2νλ4) 0
0 0 2
(
A1ν +A2νλ
4
)
 , Rν =

0 −2√
6
1√
3
− 1√
2
1√
6
1√
3
1√
2
1√
6
1√
3
 , for NH
 2
(
A1ν − 2A2νλ4
)
0 0
0 2
(
A1ν +A2νλ
4
)
0
0 0 0
 , Rν =

−2√
6
1√
3
0
1√
6
1√
3
− 1√
2
1√
6
1√
3
1√
2
 , for IH
(38)
Consequently, the light active neutrino spectrum is composed of one massless neutrino and two active neutrinos,
whose masses are determined from the experimental values of the neutrino mass squared splittings.
From Eqs. (25) and Eqs. (38), it follows that the normal hierarchy scenario leads to a too value for the large reactor
mixing angle, which is disfavored by the neutrino oscillation experimental data. Thus, the normal neutrino mass
hierarchy scenario of our model is ruled out by the current data on neutrino oscillation experiments. In what regards
inverted neutrino mass hierarchy, we find from Eqs. (25) and Eqs. (38), that the corresponding PMNS leptonic
mixing matrix takes the form:
U = R†lRν =

1√
6
sin θle
iκ −
√
6
3 cos θl
1√
3
cos θl +
1√
3
sin θle
iκ 1√
2
sin θle
iκ
1
6
√
6 13
√
3 − 1√
2
1√
6
cos θl +
√
6
3 sin θle
−iκ 1√
3
cos θl − 1√3 sin θle−iκ 1√2 cos θl
 . (39)
From the standard parametrization of the leptonic mixing matrix, we predict that the lepton mixing parameters for
the case of inverted neutrino mass hierarchy are given by:
sin2 θ12 =
|Ue2|2
1− |Ue3|2
=
1 + cosκ sin 2θl
3
(
1− sin2 θl2
) ' 0.321,
sin2 θ23 =
|Uµ3|2
1− |Ue3|2
=
1
2
(
1− sin2 θl2
) ' 0.511,
sin2 θ13 = |Ue3|2 = sin
2 θl
2
' 0.0214. (40)
Let us note that for the sake of simplicity, we have taken reals the parameters A1 and A2 of the light active neutrino
mass matrix. It is worth mentioning that the introduction of complex phases in the A1 and A2 parameters will not
modify our predictions for the leptonic mixing parameters since they do not depend on the Majorana phases.
The obtained values for the charged lepton masses and leptonic mixing parameters are obtained starting from the
following benchmark point:
x1 ' 1.524, x2 ' 1.520, y ' 1.025, |z1| ' 0.813, z2 ' 0.864, κ ' −81.82◦. (41)
Parameter ∆m221(10
−5eV2) ∆m213(10
−3eV2)
(
sin2 θ12
)
exp
(
sin2 θ23
)
exp
(
sin2 θ13
)
exp
Best fit ± 1σ 7.56± 0.19 2.49± 0.04 0.321+0.018−0.016 0.596+0.017−0.018 0.02140+0.00082−0.00085
2σ range 7.20− 7.95 2.41− 2.57 0.289− 0.359 0.404− 0.456 and 0.556− 0.625 0.0197− 0.0230
3σ range 7.05− 8.14 2.37− 2.61 0.273− 0.379 0.388− 0.638 0.0189− 0.0239
Table IV: Range for experimental values of neutrino mass squared splittings and leptonic mixing parameters, taken from Ref.
[170], for the case of inverted hierarchy.
From the comparison of Eq. (40) with Table IV, it follows that the solar sin2 θ12 and reactor sin
2 θ13 mixing parameter
are in excellent agreement with the experimental data, whereas the atmospheric sin2 θ23 leptonic mixing parameter
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is deviated 3σ away, respectively from its best fit value. Let us note that with only two free effective parameters, i.e.,
θl and κ, our model predict leptonic mixing parameters in very good agreement with their experimental values, for
the case of inverted neutrino mass spectrum. Furthermore, the obtained Jarlskog invariant and leptonic Dirac CP
violating phase are given by:
J =
1
6
sin θl cos θl sinκ ' −3.34× 10−2,
δ = arcsin
 (3 + cos 2θl) 32 sinκ
4
√(
4− 4 cosκ cos θl sin θl − 3 sin2 θl
)
(1 + cosκ sin 2θl)
 ' −81.37◦. (42)
Furthermore, from the experimental values of the neutrino mass squared splittings for the case of inverted neutrino
mass hierarchy, we found that the A1ν and A2ν parameters are given by:
A1ν ' 0.0252eV, A2ν ' 0.0489eV.
Thus, we obtain the following values for the neutrino mass squared splittings for the case of inverted neutrino mass
hierarchy:
∆m221 ' 7.56× 10−5eV2, ∆m213 ' 2.49× 10−3eV2. (43)
Consequently, the predicted values for the neutrino mass squared splittings are inside their 1σ experimentally allowed
range, thus exhibiting an excellent agreement with the experimental data on neutrino oscillations experiments, as
follows from the comparison of Eq. (43) with Table IV.
Fig. 4 shows the correlations of the atmospheric sin2 θ23 and solar sin
2 θ12 mixing parameters with the reactor mixing
parameter sin2 θ13. For our analysis, we randomly generated parameter configurations for θl and κ corresponding
to 3σ values for the leptonic mixing parameters. To this end, we varied the parameters θl and κ in the ranges
11.21◦ 6 θl 6 12.63◦ and −121.01◦ 6 κ 6 −72.37◦ (larger ranges will yields leptonic mixing parameters outside
the 3σ experimentally allowed range). The correlation of the A1 with A2 mass parameters and sin θl and sinκ
mixing parameters that sucessfully reproduce the values of the leptonic mixing parameters and neutrino mass squared
splittings inside the 3σ experimentally allowed range are shown in Fig. 5. Correlations between the neutrino mass
squared splittings ∆m221 and ∆m
2
31 are displayed in Fig. 6.
Furthermore, in order to study the sensitivity of the obtained values for the Jarlskog invariant and leptonic Dirac CP
violating phase under small variations around the best-fit values, subjected to the restriction that the resulting leptonic
mixing parameters be inside the 3σ experimentally allowed range, we randomly generated parameter configurations
for θl and κ in the ranges 11.21
◦ 6 θl 6 12.63◦ and −121.01◦ 6 κ 6 −72.37◦, respectively. The resulting values
for the Jarlskog invariant and leptonic Dirac CP violating phase as functions of the iteration are shown in Fig. 7.
As indicated by Fig. 7, our model predicts Jarlskog invariant and leptonic Dirac CP violating phase in the ranges
−3.55× 10−2 6 J 6 −2.80× 10−2 and −82◦ 6 δ 6 −65◦, respectively.
In the following we proceed to determine the effective Majorana neutrino mass parameter, whose value is proportional
to the amplitude of neutrinoless double beta (0νββ) decay. The effective Majorana neutrino mass parameter is given
by:
mee =
∣∣∣∣∣∣
∑
j
U2ekmνk
∣∣∣∣∣∣ , (44)
where U2ej and mνk are the squared of the PMNS leptonic mixing matrix elements and the masses of the Majorana
neutrinos, respectively.
Thus, we obtain the following value for the effective Majorana neutrino mass parameter in the case of inverted neutrino
mass hierarchy:
mee ' 46.9meV (45)
In order to determine the predicted ranges for the effective Majorana neutrino mass parameter mee in our model,
we have randomly generated the parameters A1, A2, θl and κ in a range of values where the neutrino mass squared
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Figure 4: Correlations of the atmospheric sin2 θ23 and solar sin
2 θ12 mixing parameters with the reactor mixing parameter
sin2 θ13. The vertical lines are the minimum and maximum values of the reactor mixing parameter sin
2 θ13 inside the 3σ
experimentally allowed range.
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Figure 5: Correlations of the A1 with A2 mass parameters and sin θl and sinκ mixing parameters that sucessfully reproduce
the values of the leptonic mixing parameters and neutrino mass squared splittings inside the 3σ experimentally allowed range.
splittings and the leptonic are consistent with the neutrino oscillation experimental data, in the scenario of vanishing
Majorana phases. The effective Majorana neutrino mass parameter randomly generated as function of the iteration
for the scenario of vanishing Majorana phases is shown in Fig. 8, which implies that this parameter has to be in the
range 0.044 eV. mee . 0.048 eV. In what regards, the scenario of nonvanishing Majorana phases, i.e., A1 and A2,
complex, we have numerically checked that the obtained effective Majorana neutrino mass parameter has to be in the
range 0.01 eV . mee . 0.05 eV.
Our obtained range of values for the effective Majorana neutrino mass parameter in the case of inverted neutrino
mass hierarchy, is within the declared reach of the next-generation bolometric CUORE experiment [171] or, more
realistically, of the next-to-next-generation ton-scale 0νββ-decay experiments. It is worth mentioning that the effective
Majorana neutrino mass parameter has the upper bound of mee ≤ 160 meV, which corresponds to T 0νββ1/2 (136Xe) ≥
1.1×1026 yr at 90% C.L, which follows from the experimental data of the KamLAND-Zen experiment [172]. That limit
is expected to be updated in a not too distant future. The GERDA “phase-II”experiment [173, 174] is expected to reach
T 0νββ1/2 (
76Ge) ≥ 2× 1026 yr, which corresponds to mee ≤ 100 meV. A bolometric CUORE experiment, using 130Te
[171], is currently under construction and its estimated sensitivity is about T 0νββ1/2 (
130Te) ∼ 1026 yr, corresponding
to mee ≤ 50 meV. In addition, there are plans for ton-scale next-to-next generation 0νββ experiments with 136Xe
[175, 176] and 76Ge [173, 177], asserting sensitivities over T 0νββ1/2 ∼ 1027 yr, which corresponds to mee ∼ 12− 30 meV.
Some reviews on the theory and phenomenology of neutrinoless double-beta decay are provided in Refs. [178, 179].
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Our results indicate that the derived model predicts T 0νββ1/2 at the level of sensitivities of the next generation or
next-to-next generation 0νββ experiments.
VI. DARK MATTER RELIC DENSITY.
In this section we will discuss the implications of our model in Dark matter. We will assume that the Dark matter
candidate in the model under consideration is a scalar. As a result of this assumption and considering that the
SU (3)L scalar singlet ϕ is the only scalar field having a Z6 charge corresponding to a nontrivial charge under the
preserved Z2 symmetry, we have that either Imϕ or Reϕ can be a Dark matter candidate in our model. Furthermore,
we assume that the trilinear scalar coupling f2 appearing in the scalar interaction f2
[
% (ϕ∗)2 +H.c
]
satisfies f2 > 0,
which implies that the imaginary ϕI = Imϕ part of the scalar field ϕ is lighter than its real part ϕR = Reϕ, as
follows from Eq. (30). Consequently Imϕ is the only stable scalar field and thus the scalar Dark matter candidate in
our model.
Relic density of the dark matter in the present Universe is estimated as follows (c.f. Ref. [161])
Ωh2 =
0.1pb
〈σv〉 , 〈σv〉 =
A
n2eq
, (46)
where 〈σv〉 is the thermally averaged annihilation cross-section, A is the total annihilation rate per unit volume at
temperature T and neq is the equilibrium value of the particle density, which are given by [180]
A =
T
32pi4
∞∫
4m2ϕ
∑
p=W,Z,t,b,h
g2p
s
√
s− 4m2ϕ
2
vrelσ (ϕϕ→ pp)K1
(√
s
T
)
ds,
neq =
T
2pi2
∑
p=W,Z,t,b,h
gpm
2
ϕK2
(mϕ
T
)
, (47)
with K1 and K2 being the modified Bessel functions of the second kind order 1 and 2, respectively [180] and mϕ =
mImϕ. For the relic density calculation, we take T = mϕ/20 as in Ref. [180], which corresponds to a typical freeze-out
temperature. We assume that our DM candidate ϕI annihilates mainly into WW , ZZ, tt, bb and hh, with annihilation
cross sections given by: [181]:
vrelσ (ϕIϕI →WW ) =
λ2h2ϕ2
8pi
s
(
1 +
12m4W
s2 − 4m
2
W
s
)
(s−m2h)2 +m2hΓ2h
√
1− 4m
2
W
s
,
vrelσ (ϕIϕI → ZZ) =
λ2h2ϕ2
16pi
s
(
1 +
12m4Z
s2 − 4m
2
Z
s
)
(s−m2h)2 +m2hΓ2h
√
1− 4m
2
Z
s
,
vrelσ (ϕIϕI → qq) =
Ncλ
2
h2ϕ2m
2
q
4pi
√(
1− 4m
2
f
s
)3
(s−m2h)2 +m2hΓ2h
,
vrelσ (ϕIϕI → hh) =
λ2h2ϕ2
16pis
(
1 +
3m2h
s−m2h
− 4λh2ϕ2v
2
s− 2m2h
)2√
1− 4m
2
h
s
, (48)
where
√
s is the centre-of-mass energy, Nc = 3 is the color factor, mh = 125.7 GeV and Γh = 4.1 MeV are the SM
Higgs boson h mass and its total decay width, respectively.
In writting the above formulae we have considered that the scalar interactions between the SM Higgs field h and the
scalar dark matter candidate ϕ are described by the following scalar potential:
V (ϕ, h) = −µ2hh2 +
µ2ϕ
2
(
ϕ2R + ϕ
2
I
)− m2h
2v
h3 +
λh4
4!
h4 +
λϕ4
4!
(
ϕ2R + ϕ
2
I
)2
+
λh2ϕ2
4
(
ϕ2R + ϕ
2
I
)
h2 +
λh2ϕ2v
2
(
ϕ2R + ϕ
2
I
)
h .
(49)
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Figure 9: Relic density Ωh2, as a function of the mass mϕ of the ϕ scalar field, for several values of the quartic scalar coupling
λh2ϕ2 . The curves from top to bottom correspond to λh2ϕ2 = 0.7, 0.8, 0.9, respectively. The horizontal line shows the observed
value Ωh2 = 0.1198 [185] for the relic density.
Here we have worked on the decoupling limit α − β = pi2 where the couplings of the 126 GeV Higgs boson to SM
particles and its selfcouplings correspond to the SM expectation.
Let us note that the tree level vacuum stability constraints resulting from the requirement that the scalar potential
be bounded from below, imply the following relations [182, 183]:
λh4 > 0, λϕ4 > 0, λ
2
h2ϕ2 <
2
3
λh4λϕ4 . (50)
Furthermore, the tree level unitarity constraints yields the following relations [184]:
λϕ4 < 8pi, λh2ϕ2 < 4pi. (51)
Fig. 9 displays the Relic density Ωh2 as a function of the mass mϕ of the scalar field ϕI , for several values of the
quartic scalar coupling λ2h2ϕ2 . The curves from top to bottom correspond to λh2ϕ2 =0.7, 0.8 and 0.9, respectively.
The horizontal line corresponds to the experimental value Ωh2 = 0.1198 for the relic density. The Figure 9 shows that
the Relic density is an increasing function of the mass mϕ and a decreasing function of the quartic scalar coupling
λh2ϕ2 . Consequently, an increase in the the mass mϕ of the scalar field ϕI will require a larger quartic scalar coupling
λh2ϕ2 , in order to account for the measured value of the Dark matter relic density, as indicated by Fig. 10. It is
worth mentioning that the Dark matter relic density constraint yields a linear correlation between the quartic scalar
coupling λh2ϕ2 and the mass mϕ of the scalar Dark matter candidate ϕI , as shown in Fig. 10. We have numerically
checked that in order to reproduce the experimental value Ωh2 = 0.1198± 0.0026 [185] of the relic density, the mass
mϕ of the scalar field ϕI has to be in the range 300 GeV . mϕ . 600 GeV, for a quartic scalar coupling λh2ϕ2 in the
range 0.5 . λh2ϕ2 . 1, which is consistent with the vacuum stability and unitarity constraints shown in Eqs. 50 and
51. Furthermore, our range of values chosen for the quartic scalar coupling λh2ϕ2 also allow the extrapolation of our
model at high energy scales as well as the preservation of perturbativity at one loop level.
VII. CONCLUSIONS
We constructed a highly predictive 3-3-1 model with right-handed neutrinos, where the symmetry is extended by
A4 × Z4 × Z6 × Z16 × Z ′16 and the field content is enlarged by extra SU(3)L singlet scalar fields and six right
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Figure 10: Correlation between the quartic scalar coupling and the mass mϕ of the scalar Dark matter candidate ϕ, consistent
with the experimental value Ωh2 = 0.1198 for the Relic density.
handed Majorana neutrinos. Our model is consistent with the low energy fermion flavor data. The A4, Z4, Z6, and
Z ′16 symmetries are crucial for reducing the number of fermion sector model parameters, whereas the Z16 symmetry
causes the charged fermion mass and quark mixing pattern. In the model under consideration, the light active neutrino
masses are generated from a one loop level inverse seesaw mechanism and the observed pattern of charged fermion
masses and quark mixing angles is caused by the breaking of the A4 × Z4 × Z6 × Z16 × Z ′16 discrete group at very
high energy. In our model the different discrete group factors are broken completely, excepting the Z6 discrete group,
which is broken down to the preserved Z2 symmetry, thus allowing the implementation of the one loop level inverse
seesaw mechanism for the generation of the light active neutrino masses. The resulting the neutrino spectrum of our
model is composed of light active neutrinos and TeV scale exotic pseudo-Dirac neutrinos. The smallness of the active
neutrino masses is a natural consequence of their scaling with inverse powers of the large model cutoff Λ and of their
linear dependence on the loop induced mass scale mR for the Majorana neutrinos Ni (i = 1, 2, 3). The obtained values
of the physical observables for the quark sector are consistent with the experimental data, whereas the ones for the
lepton sector also do but only for the inverted neutrino mass spectrum. The normal neutrino mass hierarchy scenario
of our model is disfavored by the neutrino oscillation experimental data, since the resulting reactor mixing parameter
is much larger than its experimental upper limit. The obtained model predicts an effective Majorana neutrino mass
parameter of neutrinoless double beta decay of mee = 46.9 meV, a leptonic Dirac CP violating phase of −81.37◦
and a Jarlskog invariant of about 10−2 for the inverted neutrino mass spectrum. Our obtained value of meV for the
effective Majorana neutrino mass is within the declared reach of the next generation bolometric CUORE experiment
[171] or, more realistically, of the next-to-next generation ton-scale 0νββ-decay experiments. Due to the fact that
the Z6 discrete group, which is broken down to the preserved Z2 symmetry our model possesses a scalar DM particle
candidate. The constraints arising from the DM relic density, set its mass in the range 300 GeV . mϕ . 600 GeV, for
a quartic scalar coupling λh2ϕ2 in the window 0.5 . λh2ϕ2 . 1.
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Appendix A: The product rules for A4
The A4 group has one three-dimensional 3 and three distinct one-dimensional 1, 1
′ and 1′′ irreducible representations,
satisfying the following product rules:
3⊗ 3 = 3s ⊕ 3a ⊕ 1⊕ 1′ ⊕ 1′′, (A1)
1⊗ 1 = 1, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′, 1′′ ⊗ 1′′ = 1′,
Considering (x1, y1, z1) and (x2, y2, z2) as the basis vectors for two A4-triplets 3, the following relations are fullfilled:
(3⊗ 3)1 = x1y1 + x2y2 + x3y3, (A2)
(3⊗ 3)3s = (x2y3 + x3y2, x3y1 + x1y3, x1y2 + x2y1) , (3⊗ 3)1′ = x1y1 + ωx2y2 + ω2x3y3,
(3⊗ 3)3a = (x2y3 − x3y2, x3y1 − x1y3, x1y2 − x2y1) , (3⊗ 3)1′′ = x1y1 + ω2x2y2 + ωx3y3,
where ω = ei
2pi
3 . The representation 1 is trivial, while the non-trivial 1′ and 1′′ are complex conjugate to each other.
Some reviews of discrete symmetries in particle physics are found in Refs. [25–28].
Appendix B: Scalar potential for one A4 scalar triplet
The scalar potential for any A4 scalar triplet takes the form:
V (Σ) = −µ2Σ (ΣΣ∗)1 + κΣ,1 (ΣΣ∗)1 (ΣΣ∗)1 + κΣ,2 (ΣΣ)1 (Σ∗Σ∗)1 + κΣ,3 (ΣΣ∗)1′ (ΣΣ∗)1′′
+κΣ,4 [(ΣΣ)1′ (Σ
∗Σ∗)1′′ + h.c] + κΣ,5 [(ΣΣ)1′′ (Σ
∗Σ∗)1′ + h.c]
+κΣ,6 (ΣΣ
∗)3s (ΣΣ
∗)3s + κΣ,7 (ΣΣ)3s (Σ
∗Σ∗)3s . (B1)
where Σ = ξ, ζ, Φ, ∆, Ξ, Θ.
That scalar potential given above has 8 free parameters: 1 bilinear and 7 quartic couplings. The scalar potential
minimization conditions read:
∂ 〈V (Σ)〉
∂vΣ1
= −2vΣ1µ2Σ + 4κΣ,1vΣ1
(
v2Σ1 + v
2
Σ2 + v
2
Σ3
)
+ 2κΣ,3vΣ1
(
2v2Σ1 − v2Σ2 − v2Σ3
)
+4κΣ,2vΣ1
[
v2Σ1 + v
2
Σ2 cos (2θΣ1 − 2θΣ2) + v2Σ3 cos (2θΣ1 − 2θΣ3)
]
+ 8κΣ,7vΣ1
(
v2Σ2 + v
2
Σ3
)
+4 (κΣ,4 + κΣ,5) vΣ1
[
2v2Σ1 − v2Σ2 cos (2θΣ1 − 2θΣ2)− v2Σ3 cos (2θΣ1 − 2θΣ3)
]
+4κΣ,6vΣ1
[
v2Σ2 {1 + cos (2θΣ1 − 2θΣ2)}+ v2Σ3 {1 + cos (2θΣ1 − 2θΣ3)}
]
= 0,
∂ 〈V (Σ)〉
∂vΣ2
= −2vΣ2µ2Σ + 4κΣ,1vΣ2
(
v2Σ1 + v
2
Σ2 + v
2
Σ3
)
+ 2κΣ,3vΣ2
(
2v2Σ2 − v2Σ1 − v2Σ3
)
+4κΣ,2vΣ2
[
v2Σ2 + v
2
Σ1 cos (2θΣ2 − 2θΣ1) + v2Σ3 cos (2θΣ2 − 2θΣ3)
]
+ 8κΣ,7vΣ2
(
v2Σ1 + v
2
Σ3
)
+4 (κΣ,4 + κΣ,5) vΣ2
[
2v2Σ2 − v2Σ1 cos (2θΣ2 − 2θΣ1)− v2Σ3 cos (2θΣ2 − 2θΣ3)
]
+4κΣ,6vΣ2
[
v2Σ1 {1 + cos (2θΣ2 − 2θΣ1)}+ v2Σ3 {1 + cos (2θΣ2 − 2θΣ3)}
]
= 0,
∂ 〈V (Σ)〉
∂vΣ3
= −2vΣ3µ2Σ + 4κΣ,1vΣ3
(
v2Σ1 + v
2
Σ2 + v
2
Σ3
)
+ 2κΣ,3vΣ3
(
2v2Σ3 − v2Σ1 − v2Σ2
)
+4κΣ,2vΣ3
[
v2Σ2 + v
2
Σ1 cos (2θΣ1 − 2θΣ2) + v2Σ2 cos (2θΣ3 − 2θΣ2)
]
+ 8κΣ,7vΣ3
(
v2Σ1 + v
2
Σ2
)
+4 (κΣ,4 + κΣ,5) vΣ3
[
2v2Σ3 − v2Σ1 cos (2θΣ1 − 2θΣ2)− v2Σ2 cos (2θΣ3 − 2θΣ2)
]
+4κΣ,6vΣ3
[
v2Σ1 {1 + cos (2θΣ1 − 2θΣ2)}+ v2Σ2 {1 + cos (2θΣ3 − 2θΣ2)}
]
= 0. (B2)
where 〈Σ〉 = (vΣ1eiθΣ1 , vΣ2eiθΣ2 , vΣ3eiθΣ3 ). Here for the sake of simplicity we consider vanishing phases in the VEV
patterns of the A4 triplet scalars, i.e., θΣ1 = θΣ2 = θΣ3 = 0. Then, the scalar potential minimization equations given
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by Eq. (B2) yields the following relations:
[3κΣ,3 − 4 (κΣ,6 + κΣ,7) + 6 (κΣ,4 + κΣ,5)]
(
v2Σ1 − v2Σ2
)
= 0,
[3κΣ,3 − 4 (κΣ,6 + κΣ,7) + 6 (κΣ,4 + κΣ,5)]
(
v2Σ1 − v2Σ3
)
= 0,
[3κΣ,3 − 4 (κΣ,6 + κΣ,7) + 6 (κΣ,4 + κΣ,5)]
(
v2Σ2 − v2Σ3
)
= 0. (B3)
From the relations given by Eq. (B3) and setting κS,3 =
4
3 (κS,6 + κS,7)− 2 (κS,4 + κS,5), with S = ζ, Φ, ∆, Ξ, Θ, we
obtain that the following VEV pattern:
〈ξ〉 = vξ√
3
(1, 1, 1) , 〈Φ〉 = vΦ (1, 0, 0) , 〈∆〉 = v∆ (0, 0, 1) ,
〈Ξ〉 = vΞ (0, 1, 0) , 〈ζ〉 = vζ√
2
(0,−1, 1) , 〈Θ〉 = − vΘ√
5
(1, 2, 0) . (B4)
is a solution of the scalar potential minimization equations for a large region of parameter space.
From the expressions given above, and using the vacuum configuration for the A4 scalar triplets given in Eq. (16),
we find the following relation:
µ2Σ =
2
3
[3 (κΣ,1 + κΣ,2) + 4 (κΣ,6 + κΣ,7)] v
2
Σ, Σ = ξ,Φ,∆,Ξ,Θ. (B5)
These results indicate that the VEV patterns of the A4 triplets, i.e., ξ, ζ, Φ, ∆, Ξ and Θ in Eq. (B4), are consistent
with a global minimum of the scalar potential (B1) of our model for a large region of parameter space.
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